Abstract. We study effects of static inter-qubit interactions on the stability of the Grover quantum search algorithm. Our numerical and analytical results show existence of regular and chaotic phases depending on the imperfection strength ε. The critical border εc between two phases drops polynomially with the number of qubits nq as εc ∼ n −3/2 q . In the regular phase (ε < εc) the algorithm remains robust against imperfections showing the efficiency gain εc/ε for ε 2 −nq /2 . In the chaotic phase (ε > εc) the algorithm is completely destroyed. Quantum computations open new perspectives and possibilities for treatment of complex computational problems in a more efficient way with respect to algorithms based on the classical logic [1]. In the quantum computers classical bits are replaced by two-level quantum systems (qubits) and classical operations with bits are substituted by elementary unitary transformations (quantum gates). The elementary gates can be reduced to single qubit rotations and controlled two-qubit operations, e.g. control-NOT gate [1]. Combinations of elementary gates allow to implement any unitary operation on a quantum register, which for n q qubits contains exponentially many states N = 2 nq . The two most famous quantum algorithms are the Shor algorithm for integer number factorization [2] and the Grover quantum search algorithm [3]. The Shor algorithm is exponentially faster than any known classical algorithm, while the Grover algorithm gives a quadratic speedup.
Quantum computations open new perspectives and possibilities for treatment of complex computational problems in a more efficient way with respect to algorithms based on the classical logic [1] . In the quantum computers classical bits are replaced by two-level quantum systems (qubits) and classical operations with bits are substituted by elementary unitary transformations (quantum gates). The elementary gates can be reduced to single qubit rotations and controlled two-qubit operations, e.g. control-NOT gate [1] . Combinations of elementary gates allow to implement any unitary operation on a quantum register, which for nubits contains exponentially many states N = 2 nq . The two most famous quantum algorithms are the Shor algorithm for integer number factorization [2] and the Grover quantum search algorithm [3] . The Shor algorithm is exponentially faster than any known classical algorithm, while the Grover algorithm gives a quadratic speedup.
In realistic quantum computations the elementary gates are never perfect and therefore it is very important to analyze the effects of imperfections and quantum errors on the algorithm accuracy. A usual model of quantum errors assumes that angles of unitary rotations fluctuates randomly in time for any qubit in some small interval ε near the exact angle values determined by the ideal algorithm. In this case a realistic quantum computation remains close to the ideal one up to a number of performed gates N g ∼ 1/ε 2 . For example, the fidelity f of computation, defined as a square of scalar product of quantum wavefunctions of ideal and perturbed algorithms, remains close to unity if a number of performed gates is smaller a e-mail: dima@irsamc.ups-tlse.fr than N g . This result has been established analytically and numerically in extensive studies of various quantum algorithms [4] [5] [6] [7] [8] [9] [10] .
Another source of quantum errors comes from internal imperfections generated by residual static couplings between qubits and one-qubit energy level shifts which fluctuate from one qubit to another but remain static in time. These static imperfections may lead to appearance of many-body quantum chaos, which modifies strongly the hardware properties of realistic quantum computer [11] [12] [13] . The effects of static imperfections on the accuracy of quantum computation have been investigated on the examples of quantum algorithms for the models of complex quantum dynamics [8, 10, 14, 15] . As a result a universal law for fidelity decay induced by static imperfections has been established [10] for quantum algorithms simulating dynamics in the regime of quantum chaos. At the same time it has been realized that the effects of static imperfections for dynamics in an integrable regime are not universal and more complicated. Therefore it is important to investigate the effects of static imperfections on an example of the well-known Grover algorithm. First attempt was done recently in [16] , but the global picture of the phenomenon remained unclear. In this paper we present extensive numerical and analytical studies which establish the global stability diagram of reliable operability of the Grover algorithm.
Let us first outline the key features of the Grover algorithm [3] . An unstructured database is presented by N = 2 nq states of quantum register with nubits: {|x }, x = 0, . . . , N − 1. The searched state |τ can be identified by oracle function g(x), defined as g(x) = 1 if x = τ and g(x) = 0 otherwise. The Grover iteration operatorĜ g(x) is specific to the searched state |τ , while the diffusion operatorD is independent of |τ :
N , t applications of the Grover operatorĜ give [1]:
where the Grover frequency ω G = 2 arcsin( 1/N ) and
Hence, the ideal algorithm gives a rotation in the 2D plane (|τ , |η ).
The implementation of the operator D through the elementary gates requires an ancilla qubit. As a result the Hilbert space becomes a sum of two subspaces {|x } and {|x + N }, which differ only by a value of (n q + 1)th qubit. These subspaces are invariant with respect to operators O and W nq , where ∧ nq is generalized n q -qubit Toffolli gate, which inverts the n q th qubit if the first n q − 1 qubits are in the state |1 . The construction of ∧ nq from 3-qubit Toffolli gates with the help of only one auxiliary qubit is described in [17] . As a result the Grover operator G is implemented through n g = 12n tot − 42 elementary gates including one-qubit rotations, control-NOT and Toffolli gates. Here n tot = n q +1 is the total number of qubits.
To study effects of static imperfections on the Grover algorithm we use the model introduced in [11] . In this model a quantum computer hardware is described by the Hamiltonian H:
Here, σ i are the Pauli matrices for qubits i, and ∆ is an average one-qubit energy spacing. All n tot qubits are placed on a rectangular lattice, the second sum in H S runs over nearest neighbor qubits with periodic boundary conditions. Qubit energy shifts a i and couplings b ij are randomly and uniformly distributed in the intervals [−α, α] and [−β, β] , respectively. Following [8, 10, 14, 15] we assume that the average spacing ∆ is compensated by specially applied laser pulses so that between subsequent elementary gates the wavefunction evolution is given by the propagator U S = exp(−iH S t g ). Thus all static errors are expressed via this propagator while the elementary gates are taken to be perfect. Appropriate rescaling of parameters a i and b ij allows to put t g = 1 without any Fig. 1 . Probability of searched state wG(t) (top) and fidelity f (t) (bottom) as a function of the iteration step t in the Grover algorithm for ntot = 12 qubits. Dotted curves show results for the ideal algorithm (ε = 0), dashed and solid curves correspond to imperfection strength ε = 4 × 10 −4 and 10 −3 , respectively.
loss of generality. We concentrate our studies on the case α = β ≡ ε where inter-qubit couplings lead to a developed quantum chaos [11, 14] . A typical example of imperfection effects on the accuracy of the Grover algorithm is shown in Figure 1 for a fixed disorder realization of H S in (2) on 3×4 qubit lattice. It clearly shows that imperfections suppress the probability w G to find the searched state, where w G is given by a sum of probabilities of states |τ and |τ +N . In contrast to the case of time-dependent random quantum errors studied in [7] in the case of static imperfections the oscillations of probability w G do not decrease with time t. Another interesting feature is a significant decrease of the period of the Grover oscillations compared to the case of ideal algorithm, where T G = π/2ω G . This effect is also absent in the case of random errors. The fidelity of quantum computation f (t) also shows non-decaying oscillations at large times. However, in average the maxima of fidelity correspond to minima rather than maxima of probability w G . Hence, f (t) is not appropriate for tests of the algorithm accuracy. The physical reason for this unusual situation is related to the fact that when w G ≈ 0 all probability is concentrated in one initial state even for relatively large perturbation (see Fig. 2 and discussion below) and therefore the fidelity becomes close to unity. However, at such moments it is not possible to detect the searched state.
Following [18] a pictorial presentation of the dynamical evolution in the Grover algorithm can be obtained with the help of the Husimi function [19] , which is shown in Figure 2 . In this presentation the computational basis x can be considered as a coordinate space representation for the wavefunction ψ x (t) (x = 0, . . . , 2N − 1), while the conjugated basis obtained by the Fourier transform corresponds to momentum representation p (p = −N + 1, . . . , N). In this way the initial state of the Grover algorithm |ψ 0 gives a peaked distribution with p = 0. In the ideal algorithm the total probability is distributed between two states |τ and |η (see Eq. (1)) that gives two orthogonal lines in the phase space of Husimi function (see Fig. 2, top raw) . After the period T G ≈ 34 all the probability is transferred to
